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( 1 , 9, $d_{j}$ ) Laplace
. ( $\eta>0$ .
, (1) $\eta$
. )Laplace (1) , ( )
Laplace
(2) $\hat{\psi}(\xi)=\int e^{-\eta x\xi}\psi(x)dx$ , $\psi(x)=\int e^{\eta x\xi}\hat{\psi}(\xi)d\xi$
1 , 1
. ,
(3) $\psi(x)=\int e^{\eta x\xi}e^{\eta g(\xi)}\frac{1}{C(\xi)}d\xi$,
(4)
$C(\xi),=c_{m-1}\xi^{m-1}+\cdots+c_{0},$ $D(\xi)=\xi^{m}+d_{m-1}\xi^{m-1}+\cdots+d_{0},$ $g( \xi)=\int^{\xi}\frac{D(\xi)}{C(\xi)}d\xi$
(1) . (3) , (1)
. , $\etaarrow+\infty$
, $f(x, \xi)=x\xi+g(\xi)$ ( $\xi$ )
( 2 $f/\partial\xi^{2}\neq 0$ $f/\partial\xi$ ) , (saddle point
method) . , $x$ , $\Re f$
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Voros [V] WKB ,
. ,
WKB ( )
( , ) .
2 WKB
, WKB .




( $q_{j}(x)$ ) . (5) , WKB
.




( ) ( , $\xi_{j}(x)(j=1,$ $\ldots,$ $m)$ )
, $S_{j}(x)(j\geq 0)$ . , WKB
. WKB , WKB
, ( $\eta$ ) Borel .
, WKB $\psi$ Borel ( Laplace )
(8) $\psi_{B}(x, y)=\sum_{n=0}^{\infty}\frac{\psi_{n}(x)}{\Gamma(n+1/2)}(y+y_{0}(x))^{n-1/2}$ ( $y_{0}(x)= \int^{x}S_{-1}dx$ )
( ) , Laplace
(9) $\Psi=\int_{-y\mathrm{o}(x)}^{\infty}e^{-\eta y}\psi_{B}(x, y)dy$
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( ) $\psi$ Borel , WKB
. ( (9) . )
WKB Borel , .
Definition 1(i) (7) , (7) turn-
ing point ( ) .
(ii) $a$ turning point, $\xi_{j}(x)$ $\xi_{j’}(x)$ $x=a$ (7) 2 ,
(10) $\Im\int_{a}^{x}(\xi_{j}(x)-\xi_{j},(x))dx=0$ ,
$x=a$ type $(j,j’)$ Stokes . ( ,
Stokes $\Re\int_{a}^{x}(\xi_{j}(x)-\xi_{j’}(x))dx$ “type $j>j’$”
“type $j<j’$” . )
(5) WKB $\psi$ Borel , Borel NO (9) $\psi_{B}(x, y)$
(
$x$ ) , well-defined ( Stokes ) .
2 , Stokes
. , 3 , Stokes
Stokes . Berk-Nevins-Roberts [BNR]
.
Example 1 3 .
(11) $( \frac{d^{3}}{dx^{3}}+3\eta^{2}\frac{d}{dx}+2ix\eta^{3})\psi=0$ .
$x=\pm 1$ turning point , $x=1$ ( (
) type $(0, 1)$ Stokes , $x=-1$
type $(1, 2)$ Stokes $\langle$ . Figure 1
Stokes , type $(0, 2)$ “new
Stokes curve” (Figure 1 , ) Stokes
, Berk WKB
.
2 , Stokes ,
( Stokes Stokes )
,
. , WKB Borel Stokes
Stokes , WKB











(12) P\psi =008 ajkxk\eta m-j $( \frac{d}{dx})^{j}\psi=0$ .
( , $q_{j}(x)$ $n$ , $q_{j}(x)= \sum_{k}a_{jk}x^{k}$ .
$n=1$ Laplace . )
(13) $p(x, \xi)=\sum \mathrm{d}\mathrm{e}\mathrm{f}a_{jk}x^{k}\xi^{j}=0$
.
(12) . . Laplace
, (12) Laplace (2) .
(14) $\hat{P}\hat{\psi}=\eta^{m-n}\{0\leq j\sum_{0\leq k\leq n}a_{jk}\xi^{j}\eta^{n-k}\leq m(-\frac{d}{d\xi})^{k}+$ ( $\eta$ )} $\hat{\psi}^{\mathrm{J}}=0\{$ .
$n\geq 2$ . , (14) $\eta$
(WKB ) , (14)
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WKB . (14) (12)
( , (13) $x$ ( $x=x_{k}(\xi)(k=1, \ldots., n)$
$-x_{k}(\xi)$ , (Laplace ) , (
) (12) .
(15) $\tilde{\psi}(x)$ $=$ $\int e^{\eta x\xi}\hat{\psi}_{k}(\xi)d\xi$
$=$ $\int e^{\eta x\xi}e^{-\eta\int^{\xi}x_{k}(\xi)d\xi}$ (amplitude) $d\xi$ .
( $\hat{\psi}_{k}$ $S_{-1}=-x_{k}(\xi)$ $\hat{P}\hat{\psi}=0$ WKB . )WKB
, (15) $f_{k}(x, \xi)=x\xi-\int^{\xi}x_{k}(\xi)d\xi$




Laplace (1) , (15) (
(3) $)$ WKB . (
Stokes , . [Ul, U2]
. )
, (3) $f(x, \xi)=x\xi+g(\xi)$ . ,
$f(x, \xi)$ $m$ , $\xi_{j}(x)$ , (4)
. , $\xi_{j}(x)$ $\Re f$ $C^{(j)}$ ,
$C^{(j)}$ (3) . , $C^{(j)}$ (3)
(1) $\tilde{\psi}^{(j)}$ , $S_{-1}=\xi_{j}(x)$ (1) WKB Borel
. , ( ) $y=-f(x, \xi)$
(3) ,
(16) $\tilde{\psi}^{(j)}$ $=$ $\int_{C^{(j)}}e^{\eta(x\xi+g(\xi))}\frac{1}{C(\xi)}d\xi$
$=$ $\int_{C^{(j)\prime}}e^{-\eta y}[(C(\xi)\frac{dy}{d\xi})^{-1}|_{\xi=\epsilon_{+}(x,y)}-(C(\xi)\frac{dy}{d\xi})^{-1}|_{\xi=\xi_{-}(x,y)}]dy$.
( $\xi_{j}(x)$ $f(x, \xi)$ , $y=-f(x, \xi)$ 2
$\xi=\xi_{\pm}(x, y)$ . ) $\Im f(x, y)$ –
, $C^{(j)}$ $y=-f(x, \xi)$ $C^{(j)\prime}$ , Borel (9)
. , ([T]) .
Proposition 1 $C^{(j)}$ $\tilde{\psi}^{(j)}$ , $S_{-1}=$
$\xi_{j}(x)$ WKB Borel ( ) .
124
, Laplace , WKB
.
, $y=-f(x, \xi)$ $f(x, \xi)$ WKB Borel
$\psi_{B}(x, y)$ , .
Proposition 2Laplace , WKB Borel Stokes
, (3) $\Re f$ 2 ,
.




Laplace , $f_{k}(x, \xi)=x\xi-\int^{\xi}x_{k}(\xi)d\xi$
$m$ $\xi=\xi_{j}(x)$ ,
. , \S 3.1 , $\xi_{j}(x)$ $\Re f_{k}$ $\Phi^{\mathrm{H}}$ $C^{(j)}$
( $C$ ) , $C$ (15) $\tilde{\psi}(x)$ , $S_{-1}=$
$\xi_{j}(x)$ (12) WKB $\psi_{j}(x)$ .
, $n=2$ ( Laplace 2 )
. “ ” (15) , WKB $\hat{\psi}_{k}$ Borel 40 $\hat{\Psi}_{k}$
. , .
(17) $\tilde{\psi}(x)=\int_{C}e^{\eta x\xi}\hat{\Psi}_{k}(\xi)d\xi=\int_{C}e^{\eta x\xi}(\int e^{-\eta z}\hat{\psi}_{k,B}(\xi, z)dz)d\xi$ .
$(_{Z}\backslash$ , $z= \int^{\xi}x_{k}(\xi)d\xi$ $z=\infty$
. ) (12) WKB $\psi_{j}(x)$ Borel , 2
(17) $z\mapsto y=z-x\xi$ , ,
.
$(_{\backslash }18)$ $\tilde{\psi}(x)=\int e^{-\eta y}(\int\hat{\psi}_{k,B}(\xi, y+x\xi)d\xi)dy$ .
, $y$ , $y=- \int^{x}\xi_{j}(x)dx$ $y=\infty$
$y=- \int^{x}\xi_{j}(x)dx+w,$ $w\geq 0$ , $\xi$ , $C$
$\xi_{j}(x)$
$\lfloor$
$\xi^{(-)},$ $\xi^{(+)}$ ] ( $\xi^{(\pm)}$ $\Re f_{k}(x, \xi^{(\pm)})-\Re f_{k}(x, \xi_{j}(x))=-w$
$C$ ) , . (18) , Borel
. ,
(19) $\chi(x, y)=\mathrm{d}\mathrm{e}\mathrm{f}\int_{\xi^{(-)}}^{\xi^{(+)}}\hat{\psi}_{k,B}(\xi, y+x\xi)d\xi$
, .
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Proposition 3 $\chi(x, y)$ , $|y+f^{x}\mathrm{C}\ovalbox{\tt\small REJECT}(x)dx|$ , (12) WKB $\eta^{\ovalbox{\tt\small REJECT}/2}\psi$,
Borel .
Prop. 3 , Laplace , (15) ( (17))
(12) “ ” .
, Laplace .
$\hat{P}\hat{\psi}=0$ WKB Borel , WKB
Borel $\hat{P}$ Stokes Stokes , $C$
Stokes Prop. 3 .
. , Figure 2 , $C$ 1
(type $k>k’$ ) Stokes $\Im\int_{\hat{a}}^{\xi}(x_{k}(\xi)-x_{k’}(\xi))d\xi=0$ $\xi_{0}$
. , Stokes $\xi_{0}$ , (17) $\hat{\Psi}_{k}$
Figure 2
$\mathrm{h}$ $\hat{\psi}_{k,B}$ , $\hat{\Psi}_{k}$ Stokes .
(17) (18) ,
$\chi(x, y)$ (19) $\hat{\psi}_{k,B}$ . $\chi(x, y)$
Stokes , ( $\eta^{-1/2}\psi_{j}$ Borel )
. , , $C$ Stokes
$\xi_{0}$ 6 $f_{k’}$ $\tilde{C}$ (cf. Figure 2)
, Borel $\hat{\Psi}_{k’}$ Laplace . , Prop. 3
, ([AKT2], [AKT3]) .
Proposition 4 $n=2$ , $\xi_{j}(x)$ $\Re f_{k}$ $C$ 1
type $k>k’$ Stokes (cf. Figure 2) . ,
(20) $\int_{C}e^{\eta x\xi}\hat{\Psi}_{k}(\xi)d\xi+\alpha\int_{\overline{C}}e^{\eta x\xi}\hat{\Psi}_{k’}(\xi)d\xi$
(Laplace ) , (12) WKB $\eta^{-1/2}\psi_{j}$ Borel .
$\alpha$ , Stokes $\hat{\Psi}_{k}$ .
126
, Laplace (15) , $\Re f_{k}$
$C$ , Stokes $\tilde{C}$




” , Laplace (15) ,
(12) ( )
.
Definition 2 $f_{k}=x \xi-\int^{\xi}x_{k}(\xi)d\xi$ $\xi=\xi_{j}(x)$ $\Re f_{k}$
$C_{/}$ , $\hat{P}$ type $k>k’$ Stokes , $\Re f_{k’}$
$C_{k’}$ . , $C_{k’}$ type $k’>k’’$ Stokes
$\Re f_{k’’}$ $C_{k^{ll}}$ . . . , . ,
( ) $C\cup C_{k’}\cup C_{k’’}\cup\cdots$ , .
, Laplace Prop. 2 , .
Exact Steepest Descent Path Conjecture (12)
WKB Borel Stokes , 2
, .
Example 2 3 .
(21) $( \frac{d^{3}}{dx^{3}}.+\eta^{2}(i-4x^{2})\frac{d}{dx}+\eta^{3}(\frac{i}{2}-x^{2}))\psi=0$ .
Stokes Figure 3 .
Figure 3 Stokes A $-ffl_{\backslash }1$ $\langle$ Stokes
. Stokes , (15)
Figure 4 . Figure 4 , Stokes
. ,
2 . ,
, Stokes Stokes .




. , $\hat{P}$ Stokes . )




Figure 3: (21) Stokes
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